Abstract. In this paper, we investigate Bogomolov-Sommese type vanishing theorem on various types of threefolds in characteristic p > 0, including smooth globally F -regular threefolds, three-dimensional Mori fiber spaces and smooth Fano threefolds. In particular, we show that the Iitaka dimension of an invertible subsheaf of the cotangent bundle of a smooth globally F -regular threefold of characteristic p > 5 (resp. a smooth Fano threefold of characteristic p > 0) can not be greater than one (resp. non-negative).
Introduction
Differential sheaves are vector bundles naturally attached to smooth algebraic varieties and it is important to study their positivity properties. The following theorem states the positivity of line bundles contained in the differential sheaves. for every Weil divisor D with κ(D) > i, where (−) * * is reflexive hull. Theorem 1.1 was proved by Bogomolov [Bog79] when X is smooth and ∆ = 0, and is generalized by Sommese, Greb, Kebekus, Kovács Peternell, Jabbusch, Graf, etc ([SS85] , [GKK10] , [GKKP11] , [JK11] , [Gra15] ). Bogomolov used Theorem 1.1 to prove the inequality c 2 1 4c 2 for smooth projective surfaces of general type. This was improved by Miyaoka [Miy77] to c 2 1 3c 2 , but Theorem 1.1 was still used in this proof. In this paper, we discuss what happens if the variety is defined over a field of positive characteristic. In general, Theorem 1.1 fails in positive characteristic. There exists a smooth projective surface of general type which is liftable to W (k) (and therefore satisfies the Kodaira vanishing theorem), but its cotangent bundle contains a big line bundle (see [Lan15a,  Example 1]). If ∆ = 0, then Theorem 1.1 fails even if X is a smooth projective rational surface (see [Lan16, Lemma 8.3 ], [Lan19, Proposition 11.1]). However, Mehta-Ramanathan [MR85] proved that Kodaira type vanishing theorems hold for smooth projective F -split varieties, an important class of algebraic varieties defined in terms of Frobenius splitting. Then it is natural to ask the following question. Question 1.2. Does the Bogomolov-Sommese vanishing theorem hold for smooth projective F -split varieties?
We can show an analog of Theorem 1.1 holds for smooth F -split surfaces when ∆ = 0 (see Theorem 3.9), but the proof heavily depends on the classification result of surfaces and does not work for higher-dimensional varieties. In higher-dimensional cases, we consider globally F -regular varieties, a special class of F -split varieties, introduced by Smith [Smi00] (see Definition 2.3 (2) for its definition). For example, smooth F -spilt Fano varieties are globally F -regular. We give a partial affirmative answer to Question 1.2 when X is a smooth globally F -regular threefold. Theorem 1.3 (Theorem 4.10). Let X be a smooth projective globally F -regular threefold over a perfect field k of characteristic p > 5. Then for any invertible subsheaf L ⊂ Ω X , we have κ(L) ≤ 1. Furthermore, if p > 7, then we have κ(L) ≤ 0.
We need the assumption "p > 5" only for running a minimal model program (MMP, for short), which was recently established for threefolds of characteristic p > 5. (see [HX15] , [Bir16] and [BW17] for the details). In order to prove Theorem 1.3, we show that H 0 (X, Ω 1 X ⊗ O X (−D)) = 0 for every Cartier divisor with κ(D) ≥ 2. We first consider the case where D is nef and big. Theorem 1.4 (Theorem 4.5). Let X be a projective globally F -regular variety over a perfect field k of characteristic p > 0 and ∆ be a Weil divisor on X. Assume that dim X ≥ 2 and non-simple normal crossing locus has codimension at least 3. Then H 0 (X, (Ω X (log ∆) ⊗ O X (−D)) * * ) = 0 for every nef and big Q-Cartier Weil divisor D on X.
In Theorem 1.4, we use the global F -regularity of X to singular varieties. In the proof of Theorem 1.3, we run an MMP to make D satisfy the assumption of Theorem 1.4. In general, even if we start from a smooth variety, the output of the MMP is not necessarily smooth. This is the reason why we have to consider singular varieties in Theorem 1.4.
We also discuss an analog of Theorem 1.1 without assuming global F -regularity. Suppose that one of the following conditions is satisfied.
(1) −K X is f -ample, d = 1 and Y is a smooth curve.
f is a Mori fiber space from a threefold with isolated singularities to a smooth curve. (4) −K X is f -ample, d = 2, p ≥ 5 and the singular locus of X has codimension at least 3.
Theorem 1.5 gives a generalization of [PW17, Theorem 1.10] to singular and higher dimensional cases.
Finally, we close this paper by discussing the case of smooth Fano threefolds. Choosing suitable extremal contractions, we can reduce to the case where the Picard rank ρ(X) = 1 and then an application of [SB18, Theorem 2.1] gives a stronger assertion than Theorem 1.3 Theorem 1.6 (Theorem 6.5 and Corollary 6.6). Let X be a smooth Fano threefold over a perfect k of characteristic p > 0. Then for any invertible subsheaf L ⊂ Ω X , we have κ(L) = −∞. Moreover, we have H 1 (X, L −1 ) = 0 for every nef and big invertible sheaf L on X.
Notation. Throughout this paper, a variety over a field k means an integral separated scheme of finite type over k. A curve and surface mean a variety of dimension one and two, respectively.
Preliminaries
2.1. Reflexive sheaves and birational maps. Let X be a normal variety over a field k. For any coherent sheaf F on X, F * * denotes the double dual of F , i.e. F * * = Hom(Hom(F , O X )). The sheaf F is called reflexive if the canonical map F → F * * is an isomorphism. A Weil divisorial sheaf is a reflexive sheaf of rank one. Let us note that there is a one to one corresponding between a Weil divisor D on X and a Weil divisorial sheaf O X (D). We say that (X, ∆) is a pair over a field k if X is a normal variety over a field k and ∆ is an effective Weil divisor on X. The regular and singular loci of X are denoted X reg and X sg , respectively. The simple normal crossing and non-simple normal crossing loci of (X, ∆) are denoted (X, ∆) snc and (X, ∆) nsnc , respectively. Let (X, ∆) be a pair over a perfect field k. Then the sheaf of reflexive differential j-forms is defined as Ω X (log ∆) := i * (Ω j U (log ∆)), where i : U := (X, ∆) snc ֒→ X is a canonical inclusion map and Ω j U (log ∆) is the sheaf of logarithmic Kähler differentials. Definition 2.1 ( [Laz04] ). Let X be a normal projective variety over a field k and L be an invertible sheaf on X. The Iitaka dimension of L is defined as follows.
and consider the natural rational mappings
The Iitaka dimension of L is then defined as
, where m is any positive integer such that mD is Cartier.
Let f : X → Y be a birational morphism of normal varieties over a field k. For a prime divisor F on X, the push-forward f * F of F by f is defined as follows: if F ⊂ Exc(f ), then f * F = 0, and if F ⊂ Exc(f ), then f * F is defined as the prime divisor whose generic point equals to the generic point of f (F ). For a divisor D on X, the push-forward f * D of D by f is defined as i∈I r i f * D i , where D = i∈I r i D i is the irreducible decomposition of D. Next, let f : X Y be a birational map of normal varieties over a field k.
Let f : X Y be a birational map of normal varieties over a field k. f is said to be a birational contraction if f −1 does not contract any divisor, that is, there is no divisor D on Y such that f −1 * D = 0. Let us note that both divisorial contractions and flips, which appear in the sequences of MMPs, are birational contractions. By the following lemma, we can see that Bogomolov-Sommese type vanishing is reduced to an output of an MMP.
Lemma 2.2. Let f : X X ′ be a birational contraction of normal Q-factorial projective varieties over a perfect field k and
and we get the first assertion. In a similar way, we get
for all m ∈ Z and we get the latter assertion. . In particular, if we start an MMP from an F -split (resp. globally F -regular) variety then an output of the MMP is also F -split (resp. globally F -regular). We need the following two results later. (1) dim Y = 2. (2) p > 7 and dim Y = 1.
Then X is separably rationally connected.
Since the separably rationally connected property is preserved under birational maps, Theorem 2.6 says that if we start a K X -MMP from a smooth globally F -regular threefold and if the MMP ends up with a Mori fiber space over a surface, or a curve and p > 7, then X is separably rationally connected. However, it is not known whether (smooth) globally F -regular threefolds are separably rationally connected or not. The reader is referred to [GLP + 15] for more details.
2.3. Logarithmic Cartier operator. In this subsection, we recall logarithmic Cartier operators. Let X be a smooth scheme over a perfect field k of characteristic p > 0 and ∆ be a simple normal crossing divisor on X. The Frobenius push-forward of the logarithmic de Rham complex
is a complex of O X -module homomorphisms. For all i ≥ 0, we define the coherent O X -modules as follows.
By definition, we have the following exact sequence
By considering the case where i = 0 of the above exact sequence, we have
X . An F -split variety, defined in Definition 2.3, is nothing but to this exact sequence splits. Also, we have the exact sequence arising from the logarithmic Cartier isomorphism,
The reader is referred to [Kat70] for more details.
Bogomolov-Sommese type vanishing for several varieties
In this section, we discuss varieties with special properties which implies BogomolovSommese type vanishing. By using these results and the classification of surfaces, we show Bogomolov-Sommese vanishing for smooth projective F -split surfaces.
First, we introduce the result by Kollár, which states about Bogomolov-Sommese type vanishing on separably uniruled varieties. Next, we see the stronger assertion than Proposition 3.1 holds on separably rationally connected varieties. The proof is essentially same as Proposition 3.1, but we include the proof for convenience. We need the following fundamental result. . Let X be a smooth projective variety of dimension n over an algebraically closed field k. Then X is separably rationally connected if and only if there is a very free rational curve through a general point of X. Let us recall that a rational curve ϕ :
Proposition 3.4. Let X be a smooth projective separably rationally connected variety over a perfect field k of characteristic p > 0 and D be a Cartier divisor on X with
By replacing k to its algebraical closure, we may assume k is an algebraically closed field. Arguing by contradiction, we assume that there exists nonzero section
k → X be a very free rational curve through a general point of X. Since κ(D) ≥ 0, there exists m ∈ Z >0 such that mD is effective. Then we may assume Im ϕ is not contained Supp(mD), since ϕ : P 1 k → X through a general point of X, and thus we get ϕ
by the definition of a very free curve. On the other hand, we may assume Im ϕ is not contained in a zero locus of s and thus s| Im ϕ = 0. Then, however, we get a contradiction as follows. Lemma 3.6. Let f : X → C be a minimal ruled surface over a perfect field k of
Proof. If g = 0 or g > 1, then the assertion follows from Proposition 3.4 and Proposition 3.1, respectively. Let us assume that g = 1. Let s : O X (D) ֒→ Ω 1 X be an injective map. We have the following commutative diagram
Next, we discuss the case of κ(X) = 0. The following proposition is an immediate corollary of [Lan15b, Corollary 3.3].
Proposition 3.7. Let X be a smooth n-dimensional projective varieties over a perfect field k of characteristic p ≥ (n−1)(n−2). Assume that K X ≡ 0 and X is not uniruled. Theorem 3.9. Let X be a smooth projective F -split surface over a perfect field of characteristic p > 0 and D be a Cartier divisor on X.
Proof. Since X is F -split, −K X is Q-effective. Therefore it is enough to consider the i = 1 case. Also, by Lemma 2.2, we may assume X is minimal.
• The case where κ(X) = −∞.
If X ≃ P 2 k , then the assertion follows from Proposition 3.4. Let f : X → C be a minimal ruled surface and g := H 1 (X, O X ). Since C is also F -split, g = 0, 1 and the assertion follows from Lemma 3.6.
• The case where κ(X) = 0.
As Remark 3.8, it is enough to check that X is one of Abelian surfaces, K3 surface of a finite height or theirétale covers. If X is an F -split K3 surface, then the height of X is equal to one by [GK00, 5.1 Theorem]. If X is an F -split Enriques surface, then there exists a finiteétale morphism from an Fsplit K3 surface. Let us note that when p = 2, an F -split Enriques surface is a singular Enriques surface. Also, X can not be a quasi-hyperelliptic surface since a general fiber of Albanese map is normal when X is F -split (See, for example, [Eji19] ).
Bogomolov-Sommese type vanishing for globally F -regular threefolds
In this section, we focus on Bogomolov-Sommese type vanishing on globally Fregular threefolds. Different from the proof of Theorem 3.9, we use the F -splitness directly.
The following lemma is fundamental, but we include the proof for convenience.
Lemma 4.1. Let X be a projective variety over a field k and A be an ample Cartier divisor on X. Let F be a coherent sheaf on X satisfying Serre condition S n . Then H i (X, F ⊗ O X (−mA)) = 0 for all i < l := min{n, dim X} and for all sufficiently large m.
Proof. We may assume X ⊂ P N k and O X (A) = O X (1). We fix a closed point x ∈ X.
(F , −) = 0 for j > N − l and we get the assertion as follows.
Lemma 4.2. Let X be a normal projective variety over a field k of characteristic p > 0 and D be a Q-Cartier Weil divisor on X with κ(D) > 0. Let F be a reflexive sheaf on
) * * ) = 0 for sufficiently large and divisible e.
Proof. Since κ(D) > 0, there exist m, n ∈ Z >0 and a rational map ϕ := ϕ |p m (p n −1)D| : X Y such that Y is a projective variety with dim Y > 0. We fix m, n. Since F is reflexive, we can take an open subset U with codim X (X − U) ≥ 2 such that F is locally free on U and U ⊂ X reg . By taking a resolution of indeterminacy of ϕ| U , we have the following commutative diagram
Let us note that p m (p n − 1)f * D| U − g * H ≥ 0 by the construction of the resolution of indeterminacy, where H is an ample Cartier divisor on Y . Then for all l ∈ Z >0 , we have
where
) is a push-forward of a locally free sheaf by a dominant map and thus satisfies S 1 . Therefore, X (see [BTLM97] for the details). Let D be a Q-Cartier Weil divisor on X with κ(D) > 0. By Lemma 4.2, we have
for sufficiently large and divisible e. Let us note that toric varieties are F -liftable, but for toric varieties, we can prove the stronger assertion (see [Fuj07, Theorem 2.22]).
Lemma
is linearly equivalent to an effective Weil divisor for all sufficiently large l.
Theorem 4.5. Let X be a projective globally F -regular variety over a perfect field k of characteristic p > 0 and ∆ be a Weil divisor on X. Assume that dim X ≥ 2 and codim X ((X, ∆) nsnc ) ≥ 3. Then H 0 (X, (Ω Proof. First, we show the following claim. 
splits. By restricting to U and tensoring O U (−D), we have the splitting of the map
By taking the cohomology, we have the splitting injection
, and thus we may assume D is Cartier. If dim X = 2, then U = X by assumption codim X ((X, ∆) nsnc ) ≥ 3, and the claim follows from [Smi00, Corollary 4.4]. Thus we may assume n := dim X ≥ 3. Since X is globally F -regular, X is CohenMacaulay by Remark 2.4(3) and the line bundle O X (−D) satisfies the Serre condition S n . By the assumption codim X (Z) ≥ 3 and by [BH93, Proposition 1.2], we have H j Z (X, O X (−D)) = 0 for all j < 3, where Z denotes (X, ∆) nsnc . We consider the spectral sequence
By the local cohomology exact sequence, we have Let us show the vanishing of the cohomology of the assertion. Arguing by contradiction, assume that
Let us note that we can use the Cartier operator on U = (X, ∆) snc . Since X is F -split, the exact sequence 
However, this contradicts the assumption of l.
If X is smooth in Theorem 4.5, then we can prove a similar assertion by only assuming F -splitness.
Proposition 4.6. Let X be a smooth projective F -split variety of dim X ≥ 2 over a perfect field k of characteristic p > 0 and ∆ be a simple normal crossing divisor on X. Then H 0 (X, Ω 1 X (log ∆) ⊗ O X (−D)) = 0 for every nef and big Cartier divisor D on X.
Proof. Let us note that after the claim of Theorem 4.5, we use only the F -splitness of X. In particular, if H 1 (X, O X (−D)) = 0 for every nef and big Cartier divisor, then we get H 0 (X, Ω 1 X (log ∆) ⊗ O X (−D)) = 0 by the same argument as Theorem 4.5. By the F -splitness of X, we have a splitting injective map
Since H 1 (X, O X (−p e D)) = 0 for sufficiently large e by [Lan09, Proposition 2.24], we get H 1 (X, O X (−D)) = 0.
As Graf mentioned in his paper [Gra19] , the logarithmic extension theorem for Fregular surface singularities is proved in the proof of [Gra19, Theorem 1.2 ]. We include a sketch of the proof for convenience.
Theorem 4.7 (Logarithmic Extension Theorem for F -regular surfaces [Gra19] ). Let X be a surface with F -regular singularities over a perfect field k of characteristic p > 0 and π : Y → X be the minimal resolution. Then
X for all i ≥ 0, where E is a reduced π-exceptional divisor.
A sketch of a proof. We may assume k is an algebraically closed field by [Gra19, Proposition 7.4]. By [Har98, Theorem 1.1], the graphs of F -regular singularities satisfy one of the following.
(1) The graphs of the singularity is a chain.
(2) The graphs of the singularity is star-shaped and either (a) of type (2, 2, d), d ≥ 2 and p = 2, (b) of type (2, 3, 3) or (2, 3, 4) and p > 3, (c) of type (2, 3, 5) and p > 5. The assertion follows from [Gra19, 7.B Proof of Theorem 1.2 (7.9.5), (7.9.6)] in for (1), (2)(a), and from [Gra19, 7.B Proof of Theorem 1.2 (7.9.7)] for (2)(b), (c), respectively.
The following assertion is an immediate corollary of Theorem 4.5 and Theorem 4.7. Proof. Since −K X is a big Q-Cartier divisor, the assertion is clear if i = 2, and we may assume that i = 1. Let π : Y → X be the minimal resolution with a reduced π-exceptional divisor E. Let us note that E is simple normal crossing. Since π is crepant, Y is globally F -regular by [HWY02, Proposition 1.4]. Arguing by contradiction, let us assume that there exists an injective map O X (D) ֒→ Ω 
. This contradicts Theorem 4.5. Theorem 4.9. Let f : X → Y be a projective surjective morphism between normal varieties over a perfect field of k of characteristic p > 0 of relative dimension d = 1 or 2. Suppose that a general fiber of f is globally F -regular and
Proof. If dim Y = 0, then X is a smooth rational curve or a smooth rational surface and the assertion follows from Proposition 3.4. Thus we may assume dim Y > 0. Also, we may assume Y is affine. Arguing by contradiction, let us assume that there exists a nonzero section 0 = s ∈ H 0 (X, (Ω
X ⊗ O X (−D)) * * )) for some i ≥ 0. Let F be a general fiber of f . Then F is contained in X reg and D| F is a nef and big Cartier divisor. Here, we need the assumption codim X (X sg ) ≥ 3 when d = 2. By the generality of F , we may assume F is not contained in a zero locus of s and thus we have an injective map 
By [Gra15, Lemma 3.14], we have the injective map
F for some j ≥ 0 . This contradicts Corollary 4.8 when d = 2, and we also have a contradiction when d = 1 since F ≃ P 1 k . Now, we can prove Bogomolov-Sommese type vanishing for globally F -regular threefolds. Remark 4.11. We need the assumption "p > 5" only for running a K X -MMP.
Proof. Since X is globally F -regular, −K X is big and by running a K X -MMP, we have follows.
(1) X ′ is a Q-factorial terminal projective globally F -regular threefold by Remark 2.4 (2), (2) f is a birational contraction, 
it is enough to show • The case where dim Y = 1.
First, let us assume that κ(D ′ ) ≥ κ(D) > 1. Let F be a general fiber of g. Then F is globally F -regular by Theorem 2.5. If we show that D ′ | F is ample Cartier divisor, then we get (3.12.2) by Theorem 4.9. Since −K X ′ and F form a basis of
+ bF , and a = 0, because κ(F ) = 1 and κ(D) > 1. By restricting to F , we obtain
′ is separably rationally connected by Theorem 2.6 (2) and thus so is X, since the separably rationally connected property is preserved under birational maps. In this case, we get (3.12.1) for any D with κ(D) ≥ 0 by Proposition 3.4.
• The case where dim Y = 2.
In this case, X ′ is separably rationally connected by Theorem 2.6 (1) and thus so is X. Then we get Remark 4.12. Theorem 4.10 is also proved when X has terminal singularities and D is a big Q-Cartier Weil divisor. By taking a small Q-factorialization and by running a K X -MMP, the assertion can be reduced to a Mori fiber space g : X ′ → Y . We need a different argument from Theorem 4.10 for the case of dim Y = 2 because Proposition 3.4 can not be applied to the singular variety X. However, since D ′ is big and ρ(X ′ /Y ) = 1, D ′ | F is ample, and the assertion follows from Theorem 4.9.
5. Bogomolov-Sommese type vanishing for Mori fiber spaces of relative dimension ≤ 2
In this section, we discuss Bogomolov-Sommese type vanishing on Mori fiber spaces without assuming global F -regularity. As an application, we show Kodaira-type vanishing on Mori fiber spaces, which gives a generalization of [PW17, Theorem 1.10].
Definition 5.1. Let f : X → Y be a projective surjective morphism between normal varieties over a field k with f * O X = O Y . f is said to be a Mori fiber space if −K X is f -ample, dim X > dim Y and the relative Picard rank ρ(X/Y ) = 1.
First, we deal with the case where the relative dimension is equal to one.
Proposition 5.2. Let f : X → Y be a projective surjective morphism between normal varieties over a perfect field k of characteristic p > 0. Suppose that f * O X = O Y , −K X is f -ample and the relative dimension of f is equal to one. In addition, we assume one of the following condition is satisfied.
(1) p = 2.
(2) Y is a smooth curve.
Proof. The assertion is clear when dim Y = 0 and we may assume dim Y > 0. Let F be a general fiber of f . Since a generic fiber of f is a regular conic, F is a smooth conic if p = 2. If dim Y = 1, then the extension of function fields K(X)/K(Y ) is separable by [Bǎd01, Lemma 7.2] and F is reduced, that is, isomorphic to P 1 k even if p = 2. Then the assertion follows from the same argument as the case where d = 1 of Theorem 4.9.
Next, we discuss the case where the relative dimension is equal to two under the assumption codim X (X sg ) ≥ 3. Since Bogomolov-Sommese type vanishing fails on a Gorenstein del Pezzo surface, which is a general fiber of the Mori fiber space, we have to take a different approach from Theorem 4.9.
Theorem 5.3. Let f : X → Y be a projective surjective morphism between normal varieties over a perfect field k of characteristic p > 0. Suppose that f * O X = O Y , the relative dimension of f is equal to two and codim X (X sg ) ≥ 3. In addition, we assume one of the following condition is satisfied.
(1) f is a Mori fiber space from a threefold to a smooth curve.
(2) −K X is f -ample and p ≥ 5.
Proof. We may assume dim Y > 0 by a similar argument to Theorem 4.9. Also, we may assume Y is affine and k is an algebraically closed field. Arguing by contradiction, let us assume that there exists a nonzero section 0 = s ∈ H 0 (X, (Ω
. Let F be a general fiber of f . Since codim X (X sg ) ≥ 3, X sg does not dominant Y and the generic fiber is regular. Then the generic fiber of f is geometrically normal by [FS18, Theorem 14.1] for (1) of the theorem and by [PW17, Theorem 1.5] for (2) of the theorem, respectively. In particular, F is a normal Gorenstein del Pezzo surface in both cases. By the generality of F , s|
By the conormal exact sequence, we have the following commutative diagram.
The left exactness of the lower exact sequence follows from the torsion-freeness of
• The case where rank(Im(t)) = 0. In this case, t| Freg is a zero map, and thus Supp(Im(t)) ⊂ F sg . In particular, we have dim Supp(Im(t)) ≤ 0 by the normality of F .
By applying Hom(−, O F ) to the upper exact sequence of the diagram, we have the exact sequence
On the other hand, we have
0.
Therefore, we get 0 = u ∈ Hom(Ker(t), O F ) = 0 and this is a contradiction.
• The case where rank(Im(t)) = 1.
In this case, t :
is also injective. Since F is rational, this contradicts Proposition 3.4.
The following lemma states Bogomolov-Sommese type vanishing implies a partial Kodaira type vanishing.
Lemma 5.4 (Bogomolov-Sommese type vanishing to Kodaira type vanishing). Let X be a normal projective variety of dim X ≥ 2 over a perfect field k of characteristic p > 0 and A be an ample Q-Cartier Weil divisor on X.
Proof. We have the exact sequence
U , where U denotes a regular locus of X. By tensoring O U (−A) and taking the pushforward by the inclusion map i : U ֒→ X, we get
X ⊗ O X (−pA)) * * . By the assumption of the theorem, we have
. By repeating this, we can see that the assertion follows if H 1 (X, O X (−p e A)) = 0 for sufficiently large e. We fix m, n ∈ Z >0 such that 
X ⊗ O X (−A X )) * * ) = 0 by Lemma 2.2, where A X is push-forward of A to X.
6. Bogomolov-Sommese type vanishing for smooth Fano threefolds.
In this section, we consider Bogomolov-Sommese type vanishing on smooth Fano threefolds. For smooth Fano threefolds, by choosing suitable extremal contractions, we can reduce to the case where the Picard rank is equal to one. As an application, we show Kawamata-Viehweg type vanishing on smooth Fano threefolds.
Definition 6.1 ([MM83]
). Let X be a smooth Fano threefold over an algebraically field k. X is said be primitive if X is not isomorphic to a blowing-up of a smooth Fano threefold along a smooth curve.
Lemma 6.2. Let X be a smooth Fano threefold over an algebraically closed field k of characteristic p > 0. Then there is a sequence of birational maps of smooth Fano threefolds,
→ Y such that the following properties hold.
(1) For any i ∈ {0, . . . , ℓ}, X i is a smooth Fano threefold.
(2) For any i ∈ {0, . . . , ℓ − 1}, ϕ i : X i → X i+1 is a blowing up of a smooth curve.
(3) f is a Mori fiber space and Y is a point or P Lemma 6.4. Let X be a smooth Fano threefold over an algebraically closed field k of characteristic p > 0 with ρ(X) = 1. Then H 0 (X, Ω X ) = 0.
Proof. By Theorem 6.3 and by the same argument as [SB97, Corollary 1.5], we get
Then by the exact sequence 
where Pic(X)[p] denotes a subgroup of Pic(X) composed by p-torsion elements. Since Pic(X) is torsion-free, we get the assertion. Now, we show Bogomolov-Sommese type vanishing on smooth Fano threefolds.
Theorem 6.5. Let X be a smooth Fano threefold over a perfect field k of characteristic
Proof. We may assume k is an algebraically closed field. We consider the MMP in 
Since ρ(X) = 1, D ≡ a(−K X ) for some a ∈ Q >0 and thus (D · c 2 (X)) = a(−K X · c 2 (X)) = 24a > 0 by X (O X ) = 1. Therefore, we have the right hand side of (5.5.1) is bigger than 0. By Theorem 6.3,
X ) = 0. Corollary 6.6. Let X be a smooth Fano threefold over a perfect field k of characteristic p > 0. Then H 1 (X, O X (−D)) = 0 for every nef and big Cartier divisor D on X.
Proof. The assertion follows from Theorem 6.5 and [Lan09, Theorem 2.22].
Appendix
For the convenience of the reader, we include the proof of Theorem 6.3 as an appendix to this paper. We emphasize that all the results in this appendix are proved by Shepherd-Barron [SB18], whom we thank very much. Proof. First, we show that f * O Y /O X is invertible. We may assume X is a spectrum of a regular local ring (X, x). We show by induction on dim X. First, assume dim X ≤ 2. In this case, Y is Cohen-Macaulay, and since X is regular and f is finite, f is flat. Since O X is splinter, f * O Y /O X is a direct summand of the free module f * O Y over the local ring O X , and thus free. Next, we assume dim X ≥ 3. Let U := X − x and i : U ֒→ X be an inclusion map. By considering the push-forward by i of the following exact sequence 0 (1), and thus
1−a (H 3 ) = Proof. By the same argument as the case of p = 3, it is enough to show H 1 (O X (−(H − K X ))) = 0 and this follows from H − K X ≡ 2H > nH = H.
Let T := ( τ * H) red . Since τ is homeomorphic, we can write as τ * H = rT for some r ∈ Z >0 . Then 4H = τ * τ * H = r τ * T = rsH for some s ∈ Z >0 and we get r = 2 a , where a = 0, 1, 2. Let T ′ → T be a normalization and π : T → T ′ be the minimal resolution. We have
for some effective Q-divisor ∆ T , where A denotes an ample Cartier divisor τ * H| T ′ and thus κ( T ) = −∞. First, we assume T is not isomorphic to P 2 k . By the same argument the case of p = 3, there exists a curve l such that
and this is a contradiction. Next, we discuss the case where T ≃ P (1). Then we get
and this is a contradiction.
